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Introduction

In this mini-course we are interested in the conservative renewal equation

?Z (t,a) + gn(t,a) + B(a)n(t,a) =0, t,a >0,
n(t,0) / B(a t>0, (1)
n(0,a) > 0.

It is a standard model of population dynamics, sometimes referred to as the McKendrick-von Foerster model.
The population is structured by an age variable a > 0 which grows at the same speed as time and is reset to
zero according to the rate 5(a). It is used for instance as a model of cell division, the age of the cells being
the time elapsed since the mitosis of their mother. Suppose we follow one cell in a cell line over time and
whenever a division occurs we continue to follow only one of the two daughter cells. Equation prescribes
the time evolution of the probability distribution n(t,a) of the cell to be at age a at time ¢, starting with
an initial probability distribution n'™. Integrating (formally) the equation with respect to age we get the

conservation property
oo

— n(t,a)da =0
% (t,a)
which ensures that, if n'" is a probability distribution (i.e. fooo n™ = 1), then n(t,-) is a probability distri-
bution for any time t > 0. It is also worth noticing that Equation admits stationary solutions which are
explicitly given by

N(a) = N(0) e Jo Alw)du,

The problem of asymptotic behavior for Equation consists in investigating the convergence of any solution
to a stationary one when time goes to infinity.

The goal of the mini-course is to define measure solutions to Equation , prove existence and uniqueness
of such solutions, and demonstrate their exponential convergence to the equilibrium. Considering measure
solutions instead of L! solutions (i.e. probability density functions) presents the crucial advantage to autho-
rize Dirac masses as initial data. This is very important for the biological problem since it corresponds to
the case when the age of the cell at the initial time is known with accuracy.



1 Some recalls about measure theory

We first recall some classical results about measure theory and more particularly about its functional point
of view. We endow R with its standard topology and the associated Borel o-algebra. We denote by M(R )
the set of signed Borel measures on R.

Theorem (Jordan decomposition). Any u € M(Ry) admits a unique decomposition of the form p = py—p—
where py and p— are finite positive Borel measures which are mutually singular. The positive measure
|| = s + p— is called the total variation measure of the measure u. We call total variation of u the (finite)
quantity

lallry = 0l (Re) = s (Ry) + - (R,

We denote by Cy(R) the vector space of bounded continuous functions on Ry. Endowed with the norm
|| flloo := sup,sq|f(x)| it is a Banach space. We also consider the closed subspace Cy(R) of continuous
functions which tend to zero at infinity. To any p € M(R) we can associate a continuous linear form
T, € Cyp(R4)" defined by

T,: f+— fdu.
R
The continuity is ensured by the inequality

T FI < lpllzv ]l flloo-

The following theorem ensures that the application p — T}, is an isometry from M (R,) onto Cy(R4)", where
Co(R4)" is endowed with the dual norm

1Tl coryy == sup [T'f].
[l flleo<1
Theorem (Riesz representation). For any T' € Co(Ry.)" there exists a unique p € M(Ry.) such that T = T,.
Additionally we have ||T||cywr,y = |nllTv-

This theorem ensures that (M(Ry),| - [[7v) is a Banach space. It also ensures the existence of an
isometric inclusion Cp(Ry)" € Cp(R4)’. Notice that this inclusion is strict: there exist nontrivial continuous
linear forms on Cy(R4) which are trivial on Cy(R4). Such a continuous linear form can be built for instance
by using the Hahn-Banach theorem to extend the application which associates, to continuous functions which
have a finite limit at infinity, the value of this limit.

More precisely the mapping ¥ : Cp(Ry)" — Co(R,)’ defined by ¥(T') = T is surjective (due to the Riesz
representation theorem). So Cy(R)" is isomorphic to Co(R+) /Kerw, i.e. for all T € Cy(R,)" there exists a
unique decomposition 7' = p+ L with p € Co(R4)" = M(Ry) and L € Ker ¥. Additionally 7' € Co(R,.)" if
and only if for all f € Cp(R4) we have T'f = lim,,,oo T'(f,) where f,, is defined for n € N by

f(x) if 0<x<n,
falx)=<¢ (n+1—-2)f(x) if n<z<n+l, (2)
0 if z>n+1.

Abusing notations, we will now denote for f € C(R4) and p € M(Ry)
pf = T,uf_/ fdp.
Ry

We end by recalling two notions of convergence in M(R ) which are weaker than the convergence in norm.

Definition (Weak convergence). A sequence (u")peny C M(Ry) converges narrowly (resp. weak*) to p €
M(R4) asn — oo if

Jim p"f = pf
for all f € Cp(Ry) (resp. for all f € Co(Ry)).



2 Definition of a measure solution

Before giving the definition of a measure solution to Equation (1)), we need to state the assumptions on the
division rate §. We assume that 3 is a continuous function on R which satisfies

3 Ay, ﬁmina ﬁmax > 07 Va > 07 Bmin ]l[a,*,oo) (CL) < ﬁ(a) < Bmax' (3)

We explain now how we extend the classical sense of Equation to measures. Assume that n(t,a) €
CHRy xR )NC(Ry; LY(R,)) satisfies (I in the classical sense, and let f € C}(R..) the space of continuously
differentiable functions with compact support on R;. Then we have after integration of multiplied by f

[ rtas@aa= [ wv@s@adas [ ] a0 (@ - s)s@+ 50 0) dads.

This motivates the definition of a measure solution to Equation . From now on we will denote by A the
operator defined on C{(Ry) = {f € CY(RL)| f, f' € Cp(Ry)} by

Af(a) == f'(a) + B(a)(f(0) — f(a)).

Definition 1. A family (u)i=0 € M(Ry) is called a measure solution to Equation with initial data
it = p" € M(Ry) if the mapping t +— py is narrowly continuous and for all f € CL(R) and all t > 0,

. t
pof = 1 f 4 /0 1o Af ds, (4)

i.e.

F@) o) = [ s+ [ ( [(a) - Bla) f(a) + B(a) F(0)] dus(a)>d8-
R4 R, 0 R,

Proposition 2. Ift — p; is a solution to Equation i the sense of the definition above, then for all
f € CHRy) the function t — pif is of class C1 and satisfies

{ L(uf) = wAf,  t=0

in (5)
po = pi".

Reciprocally any solution to () satisfies (4)).

Proof. We start by checking that (4] is also satisfied for f € C}(Ry). Let f € C}(R4), t > 0 and p € C1(R)
a nonincreasing function which satisfies p(a) =1 for a < 0 and p(a) =0 for a > 1. For all n € N and a > 0
define f,,(a) = p(a —n)f(a). For all n € N, f,, € C1(R,) satisfies and it remains to check that we can
pass to the limit n — oo. By monotone convergence we have p¢f, — pef and p™f, — p™f when n — oo.
Additionally [|Afy|lee < (I|¢'[loo +2B8max) || flloo +|.f|loc S0 by dominated convergence we have psAf, — ps Af
when n — oo for all s € [0,¢], and then fg s Afn ds — fg us Af ds.

For f € C}(Ry) we have Af € Cy(R4) so s — ugAf is continuous and using we deduce that

W:h/ pusAfds — up Af when h — 0.
t



3 The dual renewal equation

To build a measure solution to Equation we use a duality approach. The idea is to start with the dual
problem: find a solution to the dual renewal equation

atf(t’ CL) - aaf(t’ a) + 5(a)f(t7 a) = B(a)f(tv 0)’ f(07 a) = fO(a)' (6)

As for the direct problem, we first give a definition of weak solutions for @ by using the method of char-
acteristics. Assume that f € C'(R; x R,) satisfies @ in the classical sense. Then easy computations
show that for all @ > 0 the function ¥ (t) = f(¢,a — t) is solution to the ordinary differential equation
P'(t) + Ba — t)1(t) = 0. After integration we get that f satisfies

F(t,a—t) = fo(a)e™ Jo Ala=mdu 4 / ' Ba — rye S Plammdu gz o) ar
0

and the change of variable a < a + ¢ leads to the following definition.

Definition 3. We say that f € Cy(Ry x Ry) is a solution to (6)) when, for all t,a >0,

t t T
F(t,a) = fola+ t)e™ Jo Blatmau / oI5 Blatmdug q 1 1) f(¢ — r,0) dr (7)
0
a—+t t+a T
= fola+t)eJa Bl | / ¢~ Ja B g( L) f(a +t — 7,0) dr. (8)

Formulations and are the same up to changes of variables, but both will be useful in the sequel.
Theorem 4. For all fo € Cy(Ry.), there exists a unique f € Cp(Ry x Ry) solution to (). Additionally

for all t =0, [[f(t,)lloo < [[folloos
if fo =0 then for allt >0, f(t,-) >0,
if fo € CH(Ry) then for all T >0, fe CH[0,T] x Ry).

Proof. To prove the existence and uniqueness of a solution we use the Banach fixed point theorem. For

fo € Cy(Ry) we define the operator I' : Cy([0,7] x Ry) — Cp([0,T] x R) by

t t T
Tf(t,a) = fo(t +a)e JoAlatwdu 4 / e Jo Blatwdug g 4 7y f(t — 7,0) dr.
0

We easily have
ITf = Tyglleo < TIBlloollf = glloo,

so I' is a contraction if T < ||||cc and there is a unique fixed point in Cy([0,7] x R4 ). Additionally, since
oo < |l follco implies

t
I0flle < ||fo|roo(e—f5 R df) — folle,
0

the closed ball of radius || fo||co is invariant under I' and the unique fixed point necessarily belongs to this
ball. Iterating on [T, 2T, [2T,3T], ..., we obtain a unique global solution in Cy(R4 x R} ), and this solution
satisfies || f]lco < || f0lloo- Since T' preserves non-negativity if fo > 0, we get similarly that f is nonnegative
when fy is nonnegative.

If fo € C}(R4) we can do the fixed point in C}([0,T] x R;) endowed with the norm

[fllep = [[flloo + 0:flloo + |0afloo-

5



More precisely we do it in the closed and T-invariant subset {f € C}([0,T] x R4), f(0,-) = fo}. We have

t+a t+a T
TF(t,a) = fo(t +a)eJa " Blu)du 4 / e~ Ja Bdug(2) £t — 7+ a,0) dr

a

so by differentiation we get
oL f(t,a) = [fi(t+a) — B(t+a)fo(t +a)le” JETe Bu)du

ita t+a -
+eJa B 1 a) fo(0) + / e~ Ji A0, f(t — 7+ a,0) dr
tta t+a -
= Afo(t + a)eJa " Al)du 4 / e Ja Bdug (Y, f(t — 7 + a,0) dr. (9)

and

QT f(t,0) = [£j(t +a) + (B(a) — Bt + ) folt + a)] e Ja " P00 4 o= 7" BCug (¢ 4 q) fo(0) — B(a) £(£,0)
+ o (a)e™Ja BBy F(t — 7 4 a,0)dr + / e Bdug()a, f(t — 7 + a,0) dr

a

— [f5(t+a) + (B(a) — B(t + @) (folt + a) — fo(0))]e™ Ju " Bl
t+a -
s [T o 5) — p@pas -7+ e, 0)ar

Finally we get

ITf = Tallcy < TUBloo[Ilf = glloe +200:(f = 9llsc] < 2T1BlIscllf — gllcy-

We conclude that if fo € CL(R4) then the unique solution belongs to CL([0,7] x R) for all T > 0.

Lemma 5. Let fo, g0 € Cy(R4) such that
JA >0, Ya € [0, 4], fo(a) = go(a)

and let f and g the solutions to Equation @ with initial distributions fo and gy respectively. Then for all
T € (0, A) we have
Ve [0,T), Ya€ [0,A~T],  f(ta) = g(t,a).

Proof. The closed subspace {f € Cy([0,T] x Ry), Vt € [0,T], Va € [0,A—T), f(t,a) = g(t,a)} is invariant
under T if fy satisfies Va € [0, 4], fo(a) = go(a). O

Proposition 6. The family of operators (My)i>o defined on Cy(Ry) by Myfo = f(t,-) is a semigroup, i.e.
Myf =f and My of = Mt(Msf)-
Additionally it is a positive and conservative contraction, i.e for all t > 0 we have

f >0 — Mtf > O,
M1 =1,
Ve C(Ry), [[Meflloo < | flloc-

Finally it satisfies, for all f € C}(Ry) and all t > 0,

8tMtf = Mt.Af = AMtf



Proof. Let f € Cy(R4), fix s > 0, and define g(t,a) = My(Msf)(a) and h(t,a) = M;ysf(a). We have
9(0,a) = h(0,a) and

t
g(t,a) = M, f(t + aje™ Jo Aot 1 / e~ I Berduga g 7)ot — 7,0) dr
0
and
t
h(t,a) = f(t+s+a)eJo  Blatuidu | / e Jo Blatw)dugq L \p(t — 7,0)dr
0
t+s -
+ / e Jo Blatw)dugy 4 HYM, o F(0)dr
t
t
= f(t+s+a)e Jo Blatwdu 4 / e~ Jo Alatudugq o 2yh(t — 7,0) dr
0
+ / o= Jo T Bletwdug (4 - M, F(0)dr
0

— [f(t+a+3) fo (t+a+u) du+/ e_foTB(t+a+u)duB(t+a-i—T)Mszf( )dT e fo (a+tu)du
0

t
+ / e Jo B(“’L“)duﬁ(a + 7)h(t —71,0)dr
0
¢
= M;f(t+a)e = Jo Blatu)du 4 / e Jo Blatw)dugq 4 H)h(t — 7,0) dr.
0

By uniqueness of the fixed point we deduce that g(¢,a) = h(t,a) for all ¢t > 0.

The conservativeness M;1 = 1 is straightforward computations and the positivity and the contraction
property follow immediately from Theorem

Now consider f € C{(R4). From @ we deduce that 9, M, f is the fixed point of I" with initial data Af.
By uniqueness of the fixed point we deduce that 0;M;f = M; Af. But since f € C’l} (Ry), M f satisfies @ in
the classical sense, i.e. ;M;f(a) = AM;f(a), and the proof is complete. O

Remark. The semigroup (My);>o is not strongly continuous, i.e. we do not have limy_q || Myf — f|loo = 0 for
all f € Cy(Ry). However the restriction of the semigroup to the invariant subspace of bounded and uniformly
continuous functions is strongly continuous. Indeed for all f € Cy(Ry) and all t,a > 0 we have

t
Mif(@) = £(@)] = [fa+ e A play g [ ARG g )M f(0)dr
0
<Ifla+t) = f(@)] + [ Flloo (1 = e W1 + 18]l o | |t
and supgso |f(a+t) — f(a)| = 0 when t — 0 if (and only if) f is uniformly continuous.

Proposition 7. Assume that B satisfies and 1is additionally uniformly continuous on Ry. Then the
operator A is the generator of the semigroup (My)i=o in the sense that

1
Vf e CYR.), Hg(Mtf - AfH 0 whent— 0.
Proof. If § is uniformly continuous, then for all f € CL(R) the function Af is uniformly continuous. Using

the strong continuity of the semigroup (M;)¢>¢ on the space of bounded and uniformly continuous functions
we deduce that | MyAf — Af||cc — 0 when ¢ — 0. As a consequence we have, using that 0, M, f = M, Af,

|s0ns-p-af|_< 1/; |MAf = Afllocds =0 when ¢ 0.



4 Existence and uniqueness of a measure solution

We are now ready to prove the existence and uniqueness of a measure solution to Equation . We define
the dual semigroup (M;);>p on M(Ry) = Co(R4) by

pMy - f € Co(Ry) s p(Myf) = /R M,f dp.
+
In other words we have by definition

Vf € Co(Ry), (uMy) f = p(Mef), i.e. . fd(phy) = . M. f dp.

The following lemma ensures that this identity is also satsified for f € Cy(Ry). From now on we will denote
without ambiguity the quantity (uMy)f = p(Mf) by uMyf.

Lemma 8. For all f € Cy(Ry) we have (uMy)f = p(Myf).

Proof. The identity is true by definition for any f € Co(R4). Let f € Cyp(R4) and f,, as defined in (2).
The sequence (fy)nen lies in Co(Ry) so (uMy) fr, = p(Mfy,) for all n € N. By monotone convergence we
clearly have (uMy)fn — (uMy)f. We will prove that u(M,f,) — w(M.f) by dominated convergence. First
by positivity of My we have | M, f,(a)| < M| fnl(a) < M|f|(a) < || f]lco- Additionally since f,,(a) = f(a) for
all a € [0,n], we have from Lemma [5] that for all a € [0,n — t], My fn(a) = My f(a), so for all a > 0 we have
M, fo(a) — M (a). -

Proposition 9. The left semigroup (My)i>o is a positive and conservative contraction, i.e for all t > 0 we
have
pz0 = puM; 20 and ||pMllrv = |plrv,

Ve M(Ry), | M7y < ||l 7w

Proof. 1t is a consequence of Proposition |§| If p > 0, then for any f > 0 we have (uM;)f = p(Myf) > 0.
Additionnally [|uM||ry = (uMy)1 = p(Ml) = pl = ||p|lrv. For p € M(Ry) not necessarily positive, we
have

luMillry = sup |uMf| < sup |ugl = llplrv.
Il flloo<1 llglloe<1

O]

Remark. The left semigroup is not strongly continuous, i.e. we do not have imy_,q ||uM; — p|lry = 0 for
all p € M(R4). This is due to the non continuity of the transport semigroup for the total variation distance:
for instance for a € R we have ||0q+t — 0allTv = 2 for any t > 0. But the left semigroup is weak™ continuous.
This is an immediate consequence of the strong continuity of the right semigroup on the space of bounded and
uniformly continuous functions (which contains Co(Ry.)). The left semigroup is even narrowly continuous
as we will see in the proof of the next theorem.

Theorem 10. For any pu™ € M(R,), the orbit map t — p™M; is the unique measure solution to Equa-
tion ,

Proof. We will use Proposition [] at different places.
Ezistence. Let p € M(R;). We start by checking that ¢ — pM; is narrowly continuous. Let f € Cy(R4).
Due to the semigroup property, it is sufficient to check that lim; o uM;f = pf. But from we have

t
+’ " / o= T BC+wdug L AL F0) dr .
0

/

luMif — pf| < ‘uf — /R Fla+t)e=Jo Blatwdug )

TV
ﬁ 0 by dominated convergence <|lellrv 1Bloo | £l oot ﬁ 0
— t



Now we check that (uM;)io satisfies (4)). Let f € C}(R;). Using the identity 8;M;f = M;Af and the
Fubini’s theorem we have

t t t
(uMy)f = p(Mef) = pf + u/o OsMsfds = pf + u/o MAfds = pf +/O (M) Af ds.

Alternatively we can prove that puM; satisfies . For f € C'l} (Ry) and t > 0 we can write

1 1
ﬁ(IUMIH-hf — M f) = / E(MhMtf — M f)dp — / MAfdp = pMAf
R, h—0 R4

by dominated convergence, since for all h > 0 and all a > 0 we have

5 (Mt (@) = Mif(@)] < sup [MAFllc < 1AS] .

Uniqueness. We want to check that if ¢ — p; is a measure solution to Equation , then py = p™M; for
all t > 0. For t > 0 fixed and f € Cl} (R4) consider the mapping

S
S '_>/ /’LTMt—Sde
0

defined on [0, t] and compute its derivative. For 0 < s < s + h < t we have

1 s+h s
E |:/ MTMt—s—hde _/ ,u‘thsde:| =
0 0

1 s+h s+h M, . . M—s s M. . o M—s
h/ NTMt—sde-i-/ M hfh t de+/ i, Mi—s hfh t de.
s s 0

The convergence of the first term is a consequence of the narrow continuity of ¢ —

1

s+h
- / e Mo dr — My .

For the second term we use that ¢t — p; is locally bounded for the total variation norm due to the uniform
boundedness principle, because it is weak*-continuous, and we get

/S+h Mi—snf — Mi_sf
Hr dr
S

- < h sup ||| rv]|Afllee —

0.
T€[0,] h—0

For the last term we have by dominated convergence, using that 9;M; f = AM;f,

S Mﬁ . _M_ S
/ fy —=2 n t=sf dr > —/ pr AM;_s f dr.
0 h h—0 0

Finally we get
d [° s .
dS/ prMi_sf AT = psMy_s f _/ MT-AMt—sf dr = Hth—sf
0 0

since we have seen in the proof of Proposition [2| that is also satisfied for test functions in C}(R4).
Integrating between s = 0 and s =t we obtain

t t t
/ wrfdr = / WM _of ds = / WM, f dr
0 0 0
and then by differentiation with respect to ¢

pif = p" My f.

The density of C}}(Ry) in Cy(R.) ensures the conclusion: p, = p"M;.



5 Exponential convergence to the invariant measure

In this last section we prove the exponential convergence of the measure solutions to a stationnary distribu-
tion. The proof relies on a coupling argument expressed by a so-called Doeblin’s condition. This condition
guarantees that the total variation distance between two solutions with the same mass decreases exponen-
tially fast. Choosing the invariant measure as a reference then allows to get the asymptotic stability result.
Denote by P(R) the set of probability measures, namely the positive measures with mass 1.

Theorem 11. Let (My)i=0 be a conservative semigroup on M(R.) which satisfies the Doeblin’s condition
Jto>0,ce (0,1), v € P(Ry) such that VYu e P(Ry), uMy, = cv.

Then for a := %{)1_0) > 0 we have for all py, pa € M(RL) such that 1 (Ry) = p2(Ry) and allt >0

g My — pa M|y < e8|y — po |y

Proof. Let piy, pup € M(Ry) such that pi(Ry) = p2(Ry), so that (u1 — p2)+(Ry) = (p2 — m)+(R4) =
%Hm — p2ll7v. The measure p defined by

2

poi= (1 — p2).
1 — pollrv

thus satifies py, u— € P(Ry) and the Doeblin’s condition ensures that
p+ My, = cu.
Using the conservativeness of M, we deduce that

[t My, — cvllry = (ueMy, — cv)(Ry) =1 —c¢
and then
|uMy|lrv < ||pg My — cvllrv + |- My, — cvllry =2(1 —¢)
which gives

1
|1 My — po My ||l 7v = 5“#1 — p2||rv [|pMyllrv < (1 —¢)|lp — pallrv

Now for t > 0 we define n = L%J and we get by induction

nlog(l—c

1My — pa M|y < (1= )" ||p1 Me—nty — p2Mi—ntol|Tv < € N — pa|7v.

This ends the proof since

nlog(l—c¢) < (tto — 1) log(1 —¢) = —a(t — to).
0

Proposition 12. The renewal semigroup (My)i>o satisfies the Doeblin’s condition with ty = a, +n, ¢ =
1 Bumin € Pmax (@) and v the uniform probability measure on [0,n], for any choice of n > 0.

Proof. We prove the equivalent dual formulation of the Doeblin’s condition:

Jtg >0,ce (0,1), v € P(Ry) suchthat Vf >0, Va>0, Myf(a)>c(vf).

10



To do so we iterate once the Duhamel formula and we get for any f >0
t t T
Ft,a) = fo(t + a)e™ Jo Alatudu / e Jo Alatwdugq 4 2y f(t - 7,0) dr
0

t t T t—T1
= fo(t + a)e™ Jo Blatwdu 4 / e Jo Blatwdugq o 2y ot — 7)e Jo T AW g 4 (> 0)
0

t—1

t
= / e o 5(a+u)duﬁ(a +7)fo(t —T)e” Jo T Bw)du g
0

t t—T1 T
= / e Jo Blatuldug (o 4t — 7) fo(r)e™ Jo Blw)du g,
0

Consider the probability measure v defined by vf = 1 fon f(a)da for some n > 0. Then for any t > a, + 7

n
and any a > 0 we have

t . )
f(t,a) > / e~ o ﬁ(a—i-u)duﬁ(a +t—7)fo(r)e™ Jo Blwdu g,
0

n
2 / efﬁmax(th) /BmlnfO (T)efﬁmaxT dT
0
= 1) Bmin e Pmaxt (VfO) .
O

As we have already seen in the introduction, the conservative equation admits a unique invariant
probability measure, i.e. there exists a unique probability measure pioo such that peo My = oo for all ¢t > 0.
This probability measure has a density with respect to the Lebesgue measure

dpteo = N(a) da

where N is explicitly given by
N(a) = N(0) ¢~ Jo Alw)du

with N(0) such that [;* N(a)da = 1.
Corollary 13. For all p € M(R4) and all n > 0 we have

VE=0,  ||pMy — (pD)peo]lrv < e T — (u) ool v

—log(1—c)

where tg = ax + 1, ¢ =1 Pmin e_ﬁma"(a”"), and o = =

Notice that in the case a, = 0 we obtain by passing to the limit n — 0

VE>0, [luMy— (p1)psollry < e Pmint |l — (u1) pios |7y
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